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Abstract: We study neutrino physics in a 5D supersymmetric SO(IO) GUT. We an- 
alyze several different choices for realizing the See-Saw mechanism. We find that the 
"natural" scale for the Majorana mass of right-handed neutrinos depends critically on 
whether the right-handed neutrinos are located in the bulk or localized on a brane. 
In the former case, the effective Majorana mass Meg is "naturally" of order the com- 
pactification scale ~ 10^^ GeV. Note, this is the value necessary for obtaining a 
light r neutrino with m^^ ~ 10"^ eV which, within the context of hierarchical neutrino 
masses, is the right order of magnitude to explain atmospheric neutrino oscillations. 
On the other-hand when the right-handed neutrino is localized on the brane, the effec- 
tive Majorana mass is typically larger than M^. Nevertheless with small parameters of 
order 1/10 - 1/30, Mgfj ~ M^. can be accommodated. We also discuss the constraints 
on model building resulting from the different scenarios for locating the right-handed 
neutrinos. 
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1. Introduction 

In a recent paper |jl|, we considered gauge coupling unification in a five dimensional 
supersymmetric 5*0(10) model compactified on an orbifold /{Z2 x Z'2). We obtained 
an excellent prediction for gauge coupling unification with a cutoff scale ~ 3 x 10^'' 
GeV and a compactification scale Mc ~ 1.5 x 10^'^ GeV. We also showed that our results 
are mathematically equivalent to a four dimensional supersymmetric grand unified 
theory [SUSY GUT] analysis with the color triplet Higgs mass given by Mc [IH . However, 
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unlike the 4D case, it was shown that proton decay due to dimension 5 operators 
may be completely eliminated. Therefore, in this 5D framework, the unification of 
gauge couplings is elegantly explained. At the same time all the nice features of grand 
unified theories, such as charge quantization and Yukawa unification, are maintained. 
Unfortunately, the proton decay rate in these models, due to dimension 6 operators, is 
sensitive to the placement of matter multiplets in the 5th dimension, as well as to the 
unknown physics above the cutoff scale. 

In this paper we study neutrino masses within this same 5D orbifold framework. 
We consider the See-Saw mechanism for neutrino masses and evaluate the effective 
right-handed Majorana mass in different scenarios. We find that the "natural" scale 
for the Majorana mass of right-handed neutrinos depends critically on whether the 
right-handed neutrinos are located in the bulk or localized on a brane. In the former 
case, the effective Majorana mass Mgfj is "naturally" of order the compactification scale 
Mc ~ 1.5x10^^ GeV. Hence, the left-handed r neutrino mass is of order mt(mt)^/3Mc ^ 
0.06 eV^ (for mt{mt) ~ 165 GeV) which is just right (assuming hierarchical neutrino 
masses) to explain atmospheric neutrino oscillations and the K2K data. 

On the other-hand when the right-handed neutrino is localized on the brane, the 
effective Majorana mass is typically larger than Mc. Nevertheless with small parameters 
of order 1/10 - 1/30, Mcfi ~ can be accommodated. We also discuss the constraints 
on model building resulting from the different scenarios for locating the right-handed 
neutrinos. Of course, in order to complete the analysis of neutrino oscillations we would 
need to construct a three neutrino model. Finally, we note other recent papers on 5D 
5*0(10) SUSY GUTs within a similar orbifold framework 0-0. Also an alternate 
mechanism for obtaining small neutrino masses in 5D GUTs is given in 0, |^ . 

2. See-Saw and Double See-Saw Mechanism in 4D 
2.1 See-Saw Mechanism 

Quarks and charged leptons have mass ranging from C(i MeV to 175 GeV), which is 
determined theoretically in terms of a dimensionless Yukawa coupling, (9(10^^ to 1), 
times a Higgs vev v ^ 246 GeV. The heaviest neutrino mass < eV requires a neutrino 
- Higgs Yukawa coupling (9(10~^^) which is unnaturally small. The GRSY See-Saw 
mechanism, on the other hand, provides a natural explanation for such small neutrino 
masses with order one Yukawa couplings 0. Since the right-handed neutrino (nec- 
essary for a Dirac neutrino mass) has zero charge under all SM gauge interactions, it 
can have a Majorana mass M much larger than the electroweak scale. 

^The factor of 3 in the denominator approximately takes into account the different RG running of 
the top Yukawa coupUng and the effective neutrino mass operator. 
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The simple See-Saw mass matrix for the neutrino is given by 



v'^ ) \raj:, M 

where v'^ = u^. The natural scale for M (in a 4D GUT) is of order the GUT or cutoff 
scale with M ^ mo. Hence the two eigenvalues are very different with 

m, ^ ^, (2.2) 

1712 — M, 

mi <C mo < m2. 

Thus the largeness of M naturally explains the smallness of the left-handed neutrino 
mass. The problem is that in order to explain the low energy neutrino data, M must 
be at least two orders of magnitude smaller than the SUSY GUT scale. 

2.2 Double See-Saw Mechanism 

In SO(IO) GUTs, all quarks and leptons in one generation belong to a single spinor 
representation 16 [= 10 + 5 + 1 of SU(5)]. Unlike SU(5) where the minimal matter 
content includes only 10s and 5s with no right-handed neutrinos, SO (10) has a right- 
handed neutrino, neutral under the standard model gauge group, which is contained in 
the (minimal) 16 representation. Hence the simple See-Saw mechanism is not applicable 
in an SO(IO) model, since the right-handed neutrino is not a singlet under SO(IO); thus 
making it impossible to have a rcnormalizablc Majorana mass. 

For the See-Saw mechanism to work in an SO(IO) model, we need to give the right- 
handed neutrino a Majorana mass of order the GUT scale. There are two methods for 
obtaining this: 



using a higher dimension operator 

T6 16T6 16 



or (2.3) 



• adding an SO {10) singlet and the renormalizable interactions 

Xn16 16 N+- M2 N N (2.4) 

where M* is the cutoff scale of the theory. In both cases we assume a non-zero vacuum 
expectation value [vev] 

Ajv (16) = Ml 7^ 
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in the right-handed neutrino direction. In the first case, the product of fields has, in 
general, several inequivalent SO(IO) invariant combinations. One particularly simple 
combination in the first case, with the first two fields combined to make an SO(IO) 
singlet, can be obtained as an effective interaction after integrating out in the second 
case. Note that the effective See-Saw mass Mes, in either case, can be lower than the 
cutoff scale of the theory. In this paper we consider the latter method. 

We now include the usual, electroweak scale, Dirac mass coming from the Yukawa 
term A I63 10^ I63 (with 3 denoting the third generation). After electroweak symmetry 
breaking we have 

W = mD i^^ (2.5) 

(with tud = sin f3) and we obtain a 3 x 3 neutrino mass matrix, rather than a 2 x 2 
matrix,^ given by 

mo \ / u \ 
TTiD Ml i/M . (2.6) 
Ml M2) \n ) 

Note, iDetA^I = m|,M2, Tr = M2 and m^, < Mi, M2. Hence the effective See-Saw 
scale Mefi in this case may be obtained by evaluating the inverse of the heavy 2x2 
mass matrix 









M 1 




H 









Ml 

Ml M2 



(2.7) 



in the u'^ direction. We find M^s = Mf/M2. Note, the result is independent of the 
mass ordering, i.e. Mi <C M2, Mi ^ M2 or Mi ^ M2. Finally, we obtain the light 
neutrino mass given by 

mlM2 

TT^u ^ -J^^ (2-8) 

irrespective of the ratio M1/M2, as long as m^) -C Mi,M2. The question now is how 
to obtain an effective See-Saw scale M^s = MI/M2 ~ 10^^ GeV. 

3. Setup - SO(IO) on x S^/{Z2 x Z'^) 

We consider a five dimensional supersymmetric S'O(IO) GUT compactified on an 
S^/{Z2 X Z'2) orbifold. One orbifolding, Z2, reduces N = 2 supersymmetry to A^ = 

^This is similar to the double see-saw mechanism suggested by Mohapatra and Valle 
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1, and the other, Z'^, breaks 5*0(10) to the Pati-Salam [PS] gauge group S'f/(4)c x 
SU (2) X SU (2)/j. The space time in the 5th direction is the hne segment y : [0, 7ri?/2] 
with an 5*0(10) symmetry in the bulk and on the brane at ?/ = 0, but only 5f/(4)c x 
SU{2)l X SU{2)ii symmetry on the brane at y = nR/2. We call these two fixed 
points respectively, "SO(IO)" and "Pati-Salam" branes. The brane describes a 3 + 1 
dimensional spacetime and the gauge group is the maximal gauge symmetry surviving 
on each brane. Further breaking to the standard model gauge group is accomplished 
via the Higgs mechanism on the PS brane 

We are interested in obtaining the Majorana mass scale for right-handed neutrino 
masses. The natural candidates for this scale are the cutoff scale M^, ~ 3 x 10^'^ GeV 
and the compactification scale ~ 1.5 x 10^^ GeV. Let us consider just one family 
of quarks and leptons (including the top, bottom and tau) which we consider locating 
either on the PS brane or in the bulk. Quarks and leptons of one SM family are 
contained in two irreducible representations given by the left-handed Weyl spinors. 



</.= {Q , L] c (4,2,1), 



where Q = ^ J ^ ~ V ^ / left-handed electroweak doublets. There are 

also brane fields x'^ (4, 1, 2) and x'^ in (4, 1, 2) which break Pati-Salam down to the 
Standard Model gauge group by getting vacuum expectation values [vev]s along the 
right-handed neutrino direction. Note, we assume that the vev of x'^ and x'^ and all the 
parameters appearing in the model are of order one in an appropriate unit set by the 
cutoff scale M^. 

With regards to gauge coupling unification, whether one has bulk matter fields 
and/or brane localized matter fields does not make a difference as long as one has 
complete SO(IO) multiplets at every KK level. However, once there are additional 
hypermultiplets in the bulk, the 5D gauge theory rapidly approaches a strong coupling 
regime. In our previous work [Q it was shown that the unification of gauge couplings 
is only achieved with a moderate hierarchy between the unification scale M^, and the 
compactification scale Mc = ^ with M^:R ~ 10^. This moderately large ratio of 
M^,/Mc is self-consistent only if a non-trivial fixed point exists in the 5D super- Yang- 
Mills theory. The condition for such a strongly coupled fixed point in 5D is satisfied 
only when the number of SO(IO) hypermultiplets in the bulk with nio in vector and 
riiQ in spinor representations satisfies riio < 6 and riig < 2 [|T^. Therefore, in order 
to maintain self-consistency, we assume that at most one generation of matter fields. 
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requiring two 16 hypermultiplets of SO(IO), are in the bulk. This restriction does not, 
however, apply to SO(IO) singlets. We introduce the SO(IO) singlet, bulk fields N and 
N'^ which form a hypermultiplet in 5D. 

There are two choices for the orbifold parity of N and N'^.^ 

• N^+,+) and 7V(^_^_) 

N'^ vanishes on both SO(IO) and Pati-Salam fixed points. 

• iV(+ _) and A^(l,+) 

N vanishes on Pati-Salam fixed point and N'^ vanishes on SO(IO) fixed point. 
The Fourier expansions of and A^'^ are given by 

iV=-Lf;iV„cos(i^), (3.1) 

* n=0 

Prom now on, we consider the second case in which the zero modes of N and N'^ are 
already projected out by the orbifolding. 

4. Different Mass Terms in 5D 

Por u, 1/'^, N and N'^, we have various mass terms either in the bulk or on the brane. 
Por N and N'^, we can have both bulk mass terms and brane mass terms. Furthermore, 
they have 5D kinetic terms with ^5 which behave as 4D mass terms. The fields u and 

i/'^ can have brane localized mass terms by themselves or with and N'^. Since some 
fields reside only on the Pati-Salam brane and we have 5D = 1 supersymmetry in 
the bulk, not all mass terms are allowed. Let us thus discuss the allowed neutrino mass 
terms in a 5D A^ = 1 supersymmetric theory with orbifold fixed points. 

Dirac Mass 

• Bulk Kaluza-Klein mass for N and 

There are Kaluza-Klein mass terms for A", which come from a 5D kinetic 
term, 

j dyW = J dy N d^N" (4.1) 

AT* 

ftij^ (2n + l)MeAr„ AT^ 

n=0 

^We use N and N'' for both superfields and their fermionic components. Here they are superfields. 
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Note, consistent with the cutoff scale M^, we truncate KK modes at satisfying 



Kink mass for N and N'^ 

We can write a Dirac mass term for and A^^ in the bulk, 

W = Mkink N iV^ (4.2) 

where M^ink niust be odd under Z2 x Z2, hence a kink mass. Depending on the 
sign of Mkink, there can appear two new light modes localized at opposite fixed 
points. In this paper we do not consider this possibility and set Mkink = 

SM Yukawa couplings 

We can write down the usual Yukawa couplings on the Pati-Salam brane. 

W = X^nr5iy-^) (4.3) 

When Ti. = (1,2,2) acquires a vev v ~ 246 GeV at the electroweak scale with 
F-j-i = 0, we obtain the usual Dirac mass terms between the left-handed u and the 
right-handed u'^*, 

W = mv 5{y-—) (4.4) 
2 

with m = A-^ sin /3. 
Pati-Salam Yukawa couplings 

Both bulk and brane fields can have interactions on the brane. The PS gauge 
symmetry and the orbifold parity restrict the possible interactions. 

We consider two cases: i) ip'^ in the bulk and ii) ip'^ on the brane. 

— tp'^ in the bulk 

If if)^ is in the bulk, the relevant interaction is given by 

^ = %^DrrN^5{y-^-^). (4.5) 

The coefficient is determined such that A/j = 1 corresponds to the result 
from naive dimensional analysis with a strong coupling assumption.^ We 



''You can easily obtain this result by having an overall factor of l/(167r^) and then multiply by At: 
for each brane field and (247r'^)^/^ for each bulk field in the expression [ill] . 
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consider A/j = 1 as a "natural" value of the coupling. When develops a 

= and (r) - ^, 



vev at the cutoff scale with F^c = and {x^) ~ we get 



W = ^Xr,u'^N^5iy-^). (4.6) 



We then decompose it into KK modes, 



J dyW = ^^XnM, (-1)"+'"^: (4.7) 



n,m=0 

n,m=0 

Finally the Dirac neutrino mass for u'^ and Nn is given by 

Md = \II^dM,, (4.8) 

For Ad = 1, we have the "natural" value for Md = ^J^Mc — Mc, using, as 
stated above, naive dimensional analysis. 



ip^ on the PS brane 

If ijj^ is on the PS brane, the interaction is^ 



W=^I^XDrrN^S{y-^). (4.9) 



With (xO ^ 1^, we get 

'SvrM, , , -kR 



W=xl Xd 6iy - — ). (4.10) 



KK decomposition gives 



/ 



dyW=J^-^XoJ2{-iru^N:; (4.11) 



2 

n=0 



J2 (-i)"Md z/^ at;;. 



n=0 



51- 



Note Ad defined in Eqn. is not the same quantity defined in Eqn. although we use the 



same notation. This should not cause any confusion, since we never use both at the same time. 
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The Dirac mass Md for u'^ and is then given by 



Mn = xIi^^dM^- (4.12) 



In this case, for Aj^ = 1, we have Md = ^^M^^ \l m;^^c ~ 30 for 



Note, although the term 



w = cx^ r d,N r - ^) (4.13) 



is also possible, with C = ^ for in the bulk and C = y for on the 
PS brane, it is subleading compared to the term without the derivative and is 
suppressed by M^jM^. We do not consider this term further in the paper. 

Majorana Mass 

• Majorana Mass in the bulk 

A Majorana mass is allowed in the bulk for gauge singlet fields, 

W = ^Mn{-NN + N^N"). (4.14) 

A 5D Majorana mass has a relative minus sign when it is expressed in terms of 
two 4D Weyl spinors.® We consider all possible values of Mjv < M^. (See the 
appendix for a detailed discussion of Majorana masses in 5D.) 

• Majorana Mass on the brane 

It is possible to have a brane Majorana mass, 

W = ^{a,NN + ^d,N'^d,N'^)5{y) 

+ l(a,iV^7Vc + ^0,Nd,N)6{y - ^). (4.15) 

However, brane Majorana mass terms are volume suppressed compared to the 
bulk Majorana mass by a factor Mc/M^. In addition, terms with are suppressed 



^It is possible to redefine N = —iN such that the Majorana mass does not have a relative minus 
sign, W = ^Mn{NN + N'^N''). In this case the Dirac (KK) mass term becomes W = iNd^N". In 
this paper, we use the Dirac (KK) mass term W = Nd^N^. 
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by extra powers of Mc/M^,. Therefore, we set the brane Majorana mass terms 
to zero in our analysis when considering a bulk Majorana mass. However, when 
there is no bulk Majorana mass, the brane Majorana mass plays an important 
role. 



Let us now summarize the mass terms in our setup. We have a bulk Dirac mass for 
iV(_|_^_) and N^_ coming from the 5D kinetic term (Eqn. |4.1j ) and also a bulk (Eqn. 
4.14 ) or brane (Eqn. |4.15|) Majorana mass. We also have a Dirac mass coupling N to 
v'^ on the PS brane. This takes different values depending on whether ip^ is located in 
the bulk (Eqns. |4.5| - |4.8| ) or for on the brane (Eqns. - |4.12|) . As a consequence 
of these mass terms, we obtain an effective Majorana mass for v'^. The fields v'^ then 
obtain a Dirac mass, at the electroweak scale via the Higgs doublet vev (Eqns. 
O). 



5. Neutrino Mass Matrix 

We now calculate the eigenvalues of the neutrino mass matrix. The aim of this paper 
is to evaluate the left-handed tau neutrino mass using the See-Saw mechanism. We do 
this in two steps. Step 1: Calculate the effective Majorana mass for the right-handed 
tau neutrino z/^. Since the electroweak Dirac neutrino mass (m) is extremely small 
compared to all other scales (M^, or Mc), we first deal with the mass matrix for z/^, 
and A^*^. Step 2: We then calculate the mass of u^. We use techniques similar to those 
discussed in |13|. Note, in the following the left- (right)-handed tau neutrino are 
simply denoted by u iy'^). 

There are two possibilities for the Majorana mass of A^ and/or A^'^. It can come 
from either a bulk Majorana mass or from a brane Majorana mass. We consider both 
possibilities here. We also consider the two choices of locating u'^ either in the bulk or 
on the PS brane. We show that the final result is independent of whether we use a 
bulk or brane mass for A^ and/or A^^. However the result depends critically on whether 
the field v'^ is located in the bulk or on the PS brane. In the former case we show that 
Meff ~ Mc "naturally?" In the latter case, we describe how to obtain this result with 
minimal tuning of parameters. 

5.1 Bulk Majorana Mass for A^ and A^'^ 

The most general superpotential has the mass terms as 

W = Nd^N" + ^MNi-NN + N^N^) + C\Di^'N'S{y - ^), (5.1) 
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which is decomposed into KK modes as 

AT* 



n=0 



(2n + l)M,NnK + 2^iv(-A^nA^n + KK) + (-l)"Miji/^7V^ 



■ (5.2) 



Note, the constant C = ^ (y for 1/^= in the bulk (on the PS brane). 

5.1.1 Brane localized v'^ case 

The above formula apphes to both the bulk v'^ and the brane locahzed v'^. In the 
following discussion we first consider the case of a brane localized z/*^, however our dis- 
cussion below applies equally well to the zero mode of a bulk field with the identification 
i/*^ = z/q. Later we will add the tower of KK modes for the bulk u'^ case. 



We now define 



N = K TVo, K^ N^, K, ■■■,K,Kr--)- 



Then 



with 



w ^ - J\F M 
2 



(5.3) 



(5.4) 



M = 














-Mn ■ 





(- 


ITMd 





-Mn 







• 










Md 


Me 


Mn 





• 



















-Mn 












-Mn 








3M, 


Mn ■ 






















• 


• -Mn 


(2n 


+ 1)M, 


-1)"M^ 











• 


■ (2n + l)Me 




Mn 



\ 



.(5.5) 



The effective right-handed neutrino mass is obtained by finding {Xi ^)u'=v<'- Let Ai 
be the matrix without v"^ which has one less column and row compared to jCi. 



DctM 
DetM' 



(5.6) 



DetA^ = JJ(-M^ - ((2n + 1)M, 



(5.7) 



n=0 
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Using the formulae in the appendix we obtain 



- .n. tanh(— f )DetA^. (5.8) 
Then 

1 nMl , .ttMat, , , 

is the effective Majorana mass for the right-handed neutrino. Note, the hmit ^ oo 
is finite and the equahty is obtained in this hmit. 

We now consider two possible limits for the bulk Majorana mass Mjy, i.e. [Case 
(1)] Mc < Mn < and [Case (2)] <^ Mc. In case (1), the answer is insensitive 
to the size of M^- We obtain the effective right-handed neutrino mass 

- ^. ,5.0, 



In case (2), we have 



M^s = 5.11 

In order to further determine the size of M^g we now consider the natural size of the 
Dirac mass Md. It is in the calculation of Md that the location of u'^ becomes relevant. 
We first consider case (1). When u'^ is on the PS brane, the natural size of Mjy = 

I^AdMc (Eqn. ^l2D with "naturally" 0(1). Hence the "natural" value for 
Mes ~ M^. In order to obtain the correct size for the right-handed Majorana mass 
we need A^i ~ ^J^^ ~ io' This is not a particularly onerous amount of fine-tuning. 
However, this may be achieved "naturally" by adding a brane localized SO (10) singlet 
field 5* and replacing the Dirac mass term (Eqn. |4.9| ) by the mass term 



^ = V Siy - f ). (5.12) 

Note, the leading term, W = yfip^N'^ can be forbidden by a U(l) symmetry under 
which S and ip'^ carry charges 1, —1 respectively. In this case, the fundamental Yukawa 
coupling A/) is replaced by the ratio ^^jp-- The suppression factor O(^) is now obtained 
"naturally" by a U(l) symmetry breaking vev for ^^j^, i.e. one order of magnitude 
less than its "natural" value. 
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In case (2), where 



Meff 



N 



-A 



16 "^M, 



N, 



(5.13) 



we need Xjj Mj\f ~ |f^^c ~ 10 '^M^. This can be obtained with either a small Majorana 



~ -^^ or some linear combination 



mass Mat ^ 10^^ Afc, or a small Yukawa coupling Ad ~ 
thereof such as A^ ~ ^f- ^ j^- In any case the desired value for Mes 
accommodated. 



Mr can be 



5.1.2 Bulk case : Inclusion of KK modes 

We now show that in the case of u'^ in the bulk, although the formula for Mes (Eqn. 



OD is unchanged, the "natural" value for the Dirac mass «i M^. 



In the previous case we assumed u'^ is a brane field without KK modes. Now, when 
z/^ (i.e. tp'^) is in the bulk, the mass matrix becomes much larger, but the analysis 
remains the same. The mass term is given by 

1 



W = - AT M Af, 



with an extended definition of Af, 
and the mass matrix is 



M 



( ° 





Md 





-Md ■■ 

















-Mn 


Mr 




















Mn 


Mr 


Mn 








• -V2Md 





V2Md 














-Mn 


3Mr ■■ 














-Md 








3Mr 


Mn ■■ 


■ V2Md 





-V2Md 
















V2Md ■■ 





2Mr 























■ 2Mr 

















^/2Md 





-^/2MD ■ ■ 


































4M, 






(5.14) 

(5.15) 
\ 



The effective right-handed neutrino mass is obtained by finding [jii ^) 
n = 0,1,2, ■■: We find 



^^itanh(^). 



4M, 



2Mr 



1,2, 



/ 

(5.16) 
for 

(5.17) 
(5.18) 
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We note two interesting facts about this result. Firstly, this result is identical to the 
effective right-handed neutrino Majorana mass found for the previous case with v'^ 
localized on the brane (Eqn. ^.91) . Secondly, the effective Majorana mass is generated 
only for the zero mode of z/^ and is independent of KK modes of . You can easily 
check this using the above mass matrix by adding or subtracting -\/2 x z/q column (row) 
to the v'^ column (row) which makes the mass matrix block diagonal form for z/^ for 
> 1. This operation does not change the determinant. We find 

\ 



DetAI = Det 



/ 










-Mj, ■ 


■■ 
















M, 





■ 


■■ 











Mu 









■ 


■ 




















-Mat 


3Mc ■ 


■ 





















Mm ■ 


■ 























■ 


■ 






















• 

























■ 


■■ 






















■ 


■■ 





4M, 






V 



(5.19) 



We then easily find the z/^z^^ component of the inverse which is just the inverse of each 
2x2 matrix and it is zero. 

For the most natural values of (= y^Mc) (Eqn. ^.8| ) and for any value of 
satisfying > > Mc, we get the effective right-handed Majorana mass 



M, 



eflf 



16 



(5.20) 



Therefore in this case, the effective Majorana mass for the right-handed neutrino is 
"naturally" given by the compactification scale M^ ~ 10"*^^ GeV. 

5.2 Brane Majorana Mass for 

It is possible to imagine Mn = 0. Suppose there is an additional U(l) symmetry 
(lepton number) under which N{N'^),x'^ carries a charge 1(— 1),3. The bulk Majorana 
mass is forbidden. Then if there is a brane localized field S, carrying U(l) charge —2, 
we can write down the Majorana mass term on the brane. ^ We consider the case of 
both a brane localized and bulk field D z/^. As before we first consider u'^ localized 
on the brane. 



^It is not clear whether it would be better to have S in the bulk or on the brane. For definiteness 
here we consider S localized on the brane. 
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The most general superpotential has the mass terms given by 



37r^ /247r3 -kE 

W = N d,N^ + — A;v SN N 5{y) + 47r J— -A^ S t ^ 5{y - — )(5.21) 



which is decomposed into KK modes as 



M3 



with 



and 



n=0 



m=0 



V M, 



vW) /Km. 



where the last term is the "natural" value (see for comparison Eqn. [4.12|) . 
We now define 



(5.22) 



(5.23) 



(5.24) 



Then 



j\f = {y\ iVo, iVo^ iVi, Ni ■ ■ ■ , iv„, iv;;, ■ ■ ■). 



(5.25) 



with 



M 



W = -U^ M M 



( 









Md 





-Md ■ 


■ {-^TMd 








2M^ 


Mc 2Mjv 


■ 









Me 








■ 
















2Mjv 


3M, • 


2Mn 





-Md 










• 








-1)"M^ 


2M^ 





2M;v 
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■ {2n + l)Mc 






v 



(5.26) 



.(5.27) 



The effective right-handed neutrino mass is obtained similarly by finding [Ad ^ 
where 

DetA^ 



(5.2^ 
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We obtain 



DetA^ = JJ(-((2n + 1)M,)2) (5.29) 



n=0 

and 



DetA^ = -2MnMI 



(2n + l)Mc 



2 

DetA^ 



n=0 

^DetAi. (5.30) 



8M2 

Therefore we obtain the effective Majorana mass for the right-handed neutrino given 
by the expression 



1 71^MnM% 

Meff = = ^ . 5.31 

\{M ^ ' "I 



Note, this resuh is the same as in the case of the bulk Majorana mass, when M^r "C 
(see Eqn. |5ll| ). Finally, we have ~ ^ (Eqn Thus M^v is "naturally" 

0(|M,) for ^ ~ 1. 

We now obtain the following results for the effective right-handed neutrino mass. 



When z/^ is localized on the brane^ we have Mn ~ — Ji^\ I^^c (Eqn. ^.24 ). Hence 



we can get Mefj ~ Mc, but only if we take Ati{S)/M^ ~ 1/10. However if we now 



take v'^ in the hulk, using the "natural" values for Mo ~ y |Mc (see Eqn. ^^) and 

Mn ~ |Mc, we get Meg ~ ffg^c- In both cases, we find results very similar to the 
case of bulk Majorana mass. In summary, for v'^ localized on the brane an effective 
right-handed neutrino mass of order Mc can be accommodated, while for u'^ in the bulk 
we "naturally" obtain M^s ~ M^. 

5.3 Left-Handed Tau Neutrino Mass 

Let us now complete the picture. As discussed above, the effective Majorana mass for 
u'^ (or its zero mode z/q if it is a bulk field) is given by Meff = 'yMc where the parameter 
7 = 0{1) depends on the details of the model. Note, only the zero mode of u'^ is 
effective in the See-Saw mechanism. We now construct the effective 2x2 mass matrix 
for {u, Uq). We have 
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with m = rrit at the GUT scale. 

We now consider the most general possibilities for having ip'^lD v^) in the bulk or 
on the PS brane. Similarly, ip{~D v) can be either in the bulk or on the PS brane. Note, 
gauge coupling unification can be affected by the splitting of the left-handed ip and the 
right-handed ip'^ matter fields, if all KK modes are not in complete SO(IO) multiplets. 

There are three possibilities for the third generation matter fields configurations. 
In all cases, the condition for the nontrivial fixed points is satisfied. 

• %l) and ip'^ in the bulk: 

Gauge coupling unification works fine and the See-Saw scale is naturally of order 
Mc- However, there is a serious problem. The natural value for the top quark 
Yukawa coupling has a volume suppression with A = ~ ^^teJ^'' i^Y^"^ ■ Hence 
obtaining an order one coupling is difficult. At the very least, we would need 
to localize the Higgs towards the PS brane. However this would destroy the 
success of gauge coupling unification. As a result we are forced to place the third 
generation on the PS brane. ^ The first two families however can be bulk fields 
with a welcome suppression of their Higgs Yukawa coupling. 

• if)'^ in the bulk and ip on the PS brane: 

Again, the See-Saw scale is naturally of order Mc, however now gauge couplings 
get a threshold correction which makes the prediction worse. The anomaly gen- 
erated by massive KK modes of ip'^ is cancelled by a 5D Chern-Simons term [|T3 



ip in the bulk and ip'^ on the PS brane: 

The gauge coupling unification goes in the right direction. We get a precise 
unification with a smaller ratio of M^^jM^. The effective right-handed neutrino 



^Note, we could ameliorate the large suppression factor (|f^)^ by decreasing the ratio M*/Mc. 
In our previous paper |l] we showed that this ratio is fixed by the GUT threshold correction £3 = 
(as {Mcut) — o-gut)/ oigut ~ —0.04 required to fit the precision electroweak data in the equivalent 4D 
theory [where ai (Mgc/t) = oi2{Mgut) = o-gut]- We also note that the precise value of 63 depends on 
the squark, slepton and gaugino spectrum through electroweak threshold corrections. It has recently 
been noted by Dermisek that as the universal GUT value of the squark and slepton mass - rriig - 
increases, with mig ^ M1/2, the value of £3 approaches zero. Moreover using the results of Ref. [Q 
we see that M*/Mc « exp(7|e3|/0.04) with Mc « Mgc/t exp(-5|e3|/0. 04). Hence as |e3| decreases the 
compactification scale increases and the ratio M^/Mc decreases. For example, with £3 = —0.02 we 
have M^/Mc ~ 33 and Mc ~ 2.5 x 10^^ GeV. In this case we could put the third generation in the bulk, 
without suffering any volume suppression in the Yukawa coupling, with the See-Saw scale determined 
naturally by Mc which is moderately larger than before. Thus whether the third generation should be 
a bulk field or a brane field is somewhat model dependent. 
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mass needs an additional suppression by of order to give a See-Saw scale 
at Mc- Again there is an anomaly inflow with a 5D Chern-Simons term. 

ip and ip"^ on the PS brane: 

Gauge coupling unification works fine. However, as above, the See-Saw scale 

of order — 



needs a suppression from of order — 



With the above caveats it is possible to obtain a hght tau neutrino mass rrii,^ ~ 
/Mc- Each one of the above choices, however, makes specific constraints on 5D 
SO (10) model building. 

6. Conclusion 

There are now several physics issues related to the compactification scale Mc ~ 10^^ GeV. 

• Gauge coupling unification 

In 4D, SUSY GUTs require a threshold correction e = (^^^Mgmt)z^gut-s ^ _o 94 
in order to achieve a perfect gauge coupling unification. In minimal SU(5), this re- 
sults from a color triplet Higgs mass ~ 10^^ GeV. The same result would be 
necessary in any SUSY GUT with an assumption that there is no other threshold 
correction from the GUT breaking sector. 

In 5D, Orbifold SUSY GUTs determine the threshold correction as a function of 
Mc and M*. There are no other free parameters. Now the threshold correction 
requires the Higgs to be in the bulk and determines the compactification scale 
Mf. ~ 10^"^ GeV. In this framework, the 4D GUT scale is fictitious, however it is 
related to the compactification and cutoff scales by the approximate expression 
Mgut ~ (^)^/^Mc. This relation determines the cutoff scale M* ~ 10^'^ GeV. 

• Neutrino mass 

In 4D, the natural size of the right-handed tau neutrino Major ana mass is de- 
termined from the higher dimensional operator jy^l6 16 16 16 (or similarly 

A^X'' V''' T V'*' in PS). By replacing (16) ~ Mqvt one obtains M^c ~ ^^^^ ~ 
10^^ GeV. 



In 5D, if v'^ is localized on the PS brane, we can accommodate an effective right- 
handed neutrino mass of order either using a U(l) symmetry with a symmetry 
breaking vev ~ 1/10 to suppress the natural scale for the heavy Dirac 
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neutrino mass^ or with a small Majorana neutrino mass with M]^/Mc <^ 1 (or a 
bit of both). 

On the other hand, for v'^ in the bulk, the volume suppression naturally gives 
Meff ~ Mc ~ 10^^ GeV even for (x^) ~ M*. Unfortunately, the same volume sup- 
pression would naturally give a top Yukawa coupling \t ~ ^"^^^2^ (^)^^^ ^ ^■ 
This is a serious problem which can be ameliorated by decreasing the volume 
factor i^)^^'^- One particular solution is testable at the electroweak scale. As 
discussed in Footnote |, changing the universal squark and slepton mass mie di- 
rectly affects gauge coupling threshold corrections at the electroweak scale and 
indirectly at the GUT scale. Moreover, increasing mig has the effect of increasing 
the compactification scale M^, decreasing the cutoff scale M^,, hence decreasing 
the ratio {M^/Mc)^^"^. It is encouraging that the scale necessary for the atmo- 
spheric neutrino oscillations (which is the tau neutrino mass in SO(IO)) can be the 
same as the compactification scale Mc ~ 10^^^^^ GeV, necessary for a successful 
unification of gauge couplings. 

Finally, it is interesting to note that part of this result could simply have been ob- 
tained using an effective higher dimensional right-handed neutrino mass operator 
on the PS brane given by 

w = -^r r r r 5{y - ^) (e.i) 

with n = 1, C = IGtt^c (for ip'^ on the PS brane) or n = 2, C = 247r^c (for ip'^ in 
the bulk). Thus when 47r(x'^) ~ M^, in the right-handed neutrino direction and 
c ~ 1 (i.e. the "natural" values) we find a right-handed neutrino mass 

W = ^Meff i/^ z/-^ (6.2) 

with 

f f ic / on the PS brane \ 

""''^[ImJ ^''"^ [ in the bulk )■ (^-2) 

Once again we find that the value of Mes for ip'^ in the bulk is of order Mc, but 
for tp'^ on the PS brane we can only obtain this desired value with a small value 
of c ~ 10^'^. However note, with this effective operator analysis we cannot realize 
the possibility of suppressing M^s (for ip'^ on the PS brane) with a small Majorana 
mass. 



'This is the Froggatt-Nielsen mechanism [|l6| appUed to neutrino masses. 
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• 5D Planck scale 

There is another very interesting relation between the 5D Planck scale M5D and 
the cutoff scale M^,. In the presence of the extra dimension, the 4D Planck 
scale is a derived scale which is determined by the 5D Planck scale M5D and the 
compactification scale M^. The relation is Mpj = -j^- Now for ~ 10^^ GeV, 
we get M5D ~ 10^'' GeV. Note, this is the same as the cutoff scale M^, determined 
assuming gauge couphng unification. 

In conclusion, in this paper we have discussed several different possible frameworks 
for obtaining a See-Saw mechanism in 5D SUSY SO(IO). If the right-handed tau 
neutrino is in the bulk then we find that the "natural" value of the See-Saw scale is 
given by the compactification scale ~ 10^^ GeV. As noted in the text, this scenario 
has a serious problem with a very small top quark Yukawa coupling. This problem 
can be overcome, however, with the bottom line effect of moderately increasing Mc 
to about 10^^ GeV. On the other hand, if the right-handed tau neutrino is on the 
Pati-Salam brane, then the "natural" value for the See-Saw scale is greater than the 
compactification scale. However, using a Froggatt-Nielsen like mechanism and/or a 
small Majorana neutrino mass Mn <C 1, a See-Saw scale of order Mc can be obtained. 

Note, the values of the compactification scale and the cutoff scale M^, are 
determined by gauge coupling unification In addition, we note that the cutoff scale 
is the same as the 5D Planck scale determined using the observed the 4D Planck scale 
and the compactification scale. This triple significance for a scale around 10^'* GeV is 
either an amazing coincidence or very profound. 

Finally, we have only discussed the effective right-handed Majorana mass appropri- 
ate for one family of quarks and leptons in this paper. Further discussion of neutrino 
mixing angles within this framework must wait until a three family model is constructed. 
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A. 5D Fermion Mass Operator 
A.l 5D Mass in terms of 4D Weyl spinors 

To express 5D mass terms in terms of 4D Weyl spinor, we summarize our spinor con- 
vention and charge conjugation (especially for the 5D Majorana mass). 
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Dirac 7 matrix in 5D is 
[01 



-cJi 
a,; 



75 



-i 
i 



(A.l) 



where with i = 1, 2, 3 is the 2x2 PauU matrix. Each element is thus a 2 x 2 matrix. 
Note that 75 = ^75 for the usual 75 defined in 4D theory. Now 7m = {7;u, 75} with 
M = 0, 1, 2, 3, 5 forms a Clifford algebra in 5D 



Generators of Lorentz transformations for 5D spinors are given by 

Hmn oc i[7M,7Ar]- 
A 5D spinor and its complex conjugate is given by 



1* 



(A.2) 



(A.3) 



(A.4) 



Let us consider charge conjugation. The Dirac 7 matrices have the property that 
7^ = 7m for M = 0, 1, 3 and 7^ = —7m for M = 2,5. For C = 7275, we have 



ClflfC ^ = 7m, 



(A.5) 



with = -C. 

Charge conjugation is defined as 



X2 
-^(^2X1 



(A.6) 



It is easy to check that ipc transforms as the same as xjj under the 5D Lorentz 
transformation. 

Using the property 7o7m7o = 7m, we get 



= iXi - xli(^2) 



1 

1 



Xl 
icr2X2 



X2 (-«cr2)Xi + h.c. 



X2X1 + h.c., 



(A.7) 



1 

1 



{xl - xli(^2 

xl{-i(^2)X2 + x\i-i(^2)xl 
X2X2 -XiXi +h.c.. 



X2 \ 

i'^2X*i ) 



(A.8) 
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We use Xi — > and X2 N'^- The corresponding Dirac mass in a supersymmetric 
theory is given by 



and the Major ana mass is 



W = MdNN^, (A.9) 



W = ]-Mn{-NN + N^N"). (A.IO) 



A. 2 Equivalence of 5D Dirac Mass and Majorana Mass 

Since a 5D Majorana mass term requires two 4D Weyl spinors, it is natural to ask 
whether there is a transformation which changes a 5D Dirac Mass to a 5D Majorana 
Mass, and vice versa. 

Let us start from the theory with one hypermultiplet composed of two 4D chiral 
multiplets and with a 5D Dirac mass. Neglecting the boundaries, in 5D, we 
have 

W = N+d^N. + mN+N_, (A.ll) 

which is the same as 

W = hn+d^N. - N_d5N+) + mN+N_, (A. 12) 

up to a total derivative. We can re-define the fields, 

AT'^^ -^(Ar+ + 7V_). (A.13) 
The 5D superpotential is then expressed in terms of N and A'^'^ by 

W = W^bulk + W^boundary (A. 14) 

W^buik = \{Nd^N'' - N'd^N) + ^m{-NN + N'N'') 

Hence, we obtain the Majorana mass from the Dirac mass by the field re-definitions, 
except for the last term which is a total derivative in 5D. Therefore, it is shown that 
the Dirac mass and the Majorana mass are equivalent in 5D up to boundary terms. 
Finally, in the presence of the boundaries, specifically for the orbifold compactification. 
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the Majorana mass term can be re-expressed in terms of the Dirac mass term plus the 
residual effects given by 



nR 

-S{y) + 6{y-—) 



77 



NNS{y) + N'^N'5(y-—) 



(A.15) 



for TV. _ and 



A. 3 Useful formulae 



oo ^ 

= TTcotfTra;). 

^ x+n ^ ' 



(A.16) 



E 

n=l 



1 

X + n X — n 



h TTCOtfTTx). 

X 



(A.17) 



n=0 



X 71 /Tlx 

— ; -r = — tanh — 

x2 + (2n +1)2 4 V 2 



(A.18) 



n=0 



(-1)" 

2n + 1 



TT 

4' 



(A.19) 
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